The technique of wrapping of a univariate probability distribution is very effective in getting a circular form of the underlying density. In this article, we introduce the circular (wrapped) version of xgamma distribution and study its different distributional properties. To estimate the unknown parameter, maximum likelihood method is proposed. A MonteCarlo simulation study is performed to understand the behaviour of the estimates for varying sample size. To illustrate the application of the proposed distribution, a real data set on the long axis orientation of feldspar laths in basalt rock is analyzed and compared with other circular distributions.
Introduction
Measurements in direction is common in science and real life data observations. The popular encounter of such data sets might be related to direction of flight of a bird, orientation of certain animals, direction of magnetic field in a place, etc., could be two dimensional or three dimensional depending on the nature of measurements. Two dimensional directions are usually represented by angles measured with respect to some zero direction, in a view of rotational sense, clockwise or anti-clockwise. Such two-dimensional directional measurements with a circular representation, points on the circumference of a unit circle centered at the origin, is what is termed as circular data (Rao and Sengupta, 2001 ). In a parametric sense, modeling of circular data sets is done based on the proper fit of a probability distribution, commonly known as a circular distribution. Therefore, a circular distribution is a probability distribution of a random angle whose total probability is concentrated on the circumference of a unit circle. Any univariate probability distribution can be transformed to a circular distribution by a technique of "wrapping" and the resultant distribution, so obtained, is term as wrapped probability distribution, for more details on wrapped distributions one could refer to Lévy (1939), Rao and Kozubowski (2004) , Adnan (2012a, 2012b) , Adnan and Roy (2014) , Joshi and Jose (2018) , and references therein.
The xgamma distribution is introduced and studied by Sen et al.(2016) in modeling lifetime data sets. Subsequent works on xgamma distribution, along with its variations and extensions, made the model a potential life distribution (see for more details, Sen Altun and Hamedani, 2018) . In view of gaining popularity and importance of xgamma distribution, our aim in this article is to introduce the wrapped version of xgamma distribution, study the different properties, address the estimation process of distribution parameter and find suitable application in modeling circular data.
The rest of the article is organized as follows. Section 2 introduces the wrapped version of xgamma distribution. Different distributional properties, such as, distribution function, characteristic function, trigonometric moments are studied in section 3 and in its dedicated subsections. Section 4 deals with estimation of parameter and a Monte-Carlo simulation study. Application in the context of data coming from geological field is illustrated in section 5. Finally, section 6 concludes with major findings.
Synthesis of wrapped xgamma distribution
In this section we describe a method of synthesis for the circular version of xgamma distribution following the technique of wrapping of univarite density. If X follows xgamma distribution (Sen et al, 2016 ) with parameter λ(> 0), then the probability density function (pdf) of xgamma distribution is given by
We denoted it by X ∼ XG(λ).
The corresponding cumulative density function (cdf) is given by
Now, the circular (wrapped) xgamma random variable is defined as θ ≡ X( mod 2π), such that for θ ∈ [0, 2π), the pdf can be derived as
We have the following definition for wrapped xgamma distribution.
Definition 2.1. A circular random variable θ is said to follow the wrapped xgamma (WRXG) distribution with parameter (λ > 0) if its pdf is of the form
It is denoted by θ ∼ W RXG(λ). 
Distributional properties
In this section, we study different properties, such as, cumulative distribution function, characteristic function, trigonometric moments and other related measures of W RXG(λ).
Cumulative distribution function
Following Mardia and Jupp (2000) and Rao and Sengupta (2001) , the cdf of W RXG(θ; λ) can be obtained as follows.
Characteristic function
By Rao and Sengupta (2001) , the trigonometric moments of order p for a wrapped circular distribution corresponds to the value of the characteristic function of the unwrapped random variable X, say φ X (t) at the integer value p, i.e., ϕ θ (p) = φ X (p). The characteristic function of xgamma distribution is given by (Sen et al., 2018a)
The characteristic function of wrapped xgamma distribution is given by
where p = ±1, ±2, .... Since any complex number to the power r, (a − ib) r for a, b, r ∈ R can be written using Euler's formula
Therefore, ϕ(p) becomes
Trigonometric moments and related measures
By Rao and Sengupta (2001), ϕ θ (p) = ρ p e iµp . Now, from (5) we have
and
The mean direction, the resultant length, the circular variance and the circular standard deviation, respectively, are given by
By the definition of trigonometric moments and since any complex number can be written as α p + iβ p , ϕ θ (p) in (5) can be rewritten as ϕ θ (p) = α p + iβ p where
where p = 0, ±1, ±2, .... α p and β p are called the non central trigonometric moments of the distribution. The central trigonometric moments are defined asᾱ p = ρ p cos(µ p − pµ 1 ) andβ p = ρ p sin(µ p − pµ 1 ). Hence, the central trigonometric moments of the respective distribution are given bȳ
where
The coefficient of skewness, ζ 0 1 =β
and the coefficient of kurtosis, ζ 0 2 =ᾱ
, respectively, are given by
where For different values of λ, table 1 shows the values of these characteristics of the wrapped xgamma distribution.
Parameter estimation
In this section, we consider the Maximum likelihood method to estimate the unknown parameter of WRXG distribution for a complete sample situation. Let θ 1 , θ 2 , . . . , θ n be a random sample of size n from W RXG(λ). The log-likelihood function for λ reduces to (λ) = 2n log(λ) − nθλ − n log (λ + 1) − n log 1 − e −2πλ +n log 1 + λθ 2 2 + 2πλ (π − θ)e −2πλ + (θ + π) e −2πλ
(1 − e −2πλ ) 2 .
The Maximum likelihood estimators (MLEs) of the unknown parameter λ of the WRXGD distribution can be obtained by maximizing the last equation. This can also be done by using different programs namely R (optim function), SAS (PROC NLMIXED) or by solving the nonlinear likelihood equation obtained by differentiating with respect to λ and equal it to zero, one of the methods can be used, the Newton-Rapshon as a numerical method to find the solution of the nonlinear equation.
A simulation study
To study the performance of the WRXG distribution and to investigate the behavior of maximum likelihood estimator, we generate 10,000 samples of the WRXG distribution, which sample sizes, n = {30, 80, 100, 200, 350}, and by choosing λ = (0.1, 0.7, 1, 2.5, 4, 8), for each parameters combination and each sample, we evaluate: the average of absolute value of biases (|Bias( λ)|),
the mean square error of the estimates (M SE( λ)),
and the mean relative estimates (M RE( λ)),
R software (version 3.5.2) (R Core Team, 2018), is been utilized for calculations involved in the simulation study. Table 2 displays |Bias( λ)|, M SE( λ), and M RE( λ) of the MLEs, it can be observed that the values of |Bias( λ)|, M SE( λ) and M RE( λ) decrease as sample size increases. From the results in Table 2 we can conclude that the Estimation method, viz. MLE preserves the consistency property for all combinations of parameter.
Application
This section encompasses the application of WRXG model to illustrate the modeling behavior on a real-life dataset. In scientific disciplines, especially in geology, the orientations of axes are of often interest. Many a time, a glaciologist is interested in measuring the orientation of the principal (or long axis) of each piece of undistributed debris during the studies for orientations of stone, pebbles or rocks deposited by a receding glacier. The data thus collected are special kind of circular data, popularly known as axial data.
To illustrate the applicability of wrapped xgamma distribution, we analyze the Fisher-B5 dataset (Fisher, 1995) available within the circular package (Agostinelli and Lund, 2017) in R software (version 3.5.2) (R Core Team, 2018). This dataset contains the measurements of long-axis orientation of 164 feldspar laths in basalt rock, it contains 60 orientated observations (recorded in degrees).
The ML estimation and corresponding standard error of the parameters for the Fisher-B5 data for W RXG(θ; λ) and two distribution, namely: wrapped Lindley distribution W L(θ; λ) (Joshi and Jose, 2018) and wrapped exponential distribution W E(θ; λ) (Jammalamadaka and Table 3 . Table 4 shows the sample mean direction, sample resultant length, mean direction, and the resultant length when the dataset is modeled with WRXG distribution. In Figure 4 , the dashed arrow points out the sample mean resultant +
The PDF WRXG WL WE Figure 4 : Plots for Fisher-B5 data. Circular data plot, fitted circular pdf and rose diagram of W RXG(θ; λ), W L(θ; λ) and W E(θ; λ)
Concluding remarks
In this article we have introduced and studied the circular version of xgamma distribution by the method of "wrapping" and the distribution, thus obtained, is named as wrapped xgamma distribution. Different distributional properties, viz., characteristic function, trigonometric moments, mean direction, circular variance, skewness and kurtosis measures are studied for the distribution. Maximum likelihood method of estimation is been proposed for the unknown parameter and behavior of estimates have been investigated by a simulation study. The wrapped xgamma distribution found an application in modeling data on long axis orientation of feldspar laths in basalt. The proposed model came out to be quite efficient, in comparison to other circular models, for real life circular data modeling.
